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Sudld gh Erwdirjr/ 4<3 0 44r1 dqgdu




L h{dplqh d vlwxdwlrq zkhuh d up kdv wr fkrrvh wr orfdwh d qhz
L judwhixoo| dfnqrzohgjh wkh qdqfldo vxssruw ri FQST +Judqw qr1 6333982<603, dqg
DUF1
4idfwru| lq rqh ri vhyhudo mxulvglfwlrqv1 Wkh ydoxh ri wkh idfwru| pd|
glhu dprqj mxulvglfwlrqv dqg lw ghshqgv rq wkh sulydwh lqirupdwlrq
khog e| hdfk mxulvglfwlrq1 Mxulvglfwlrqv frpshwh iru wkh orfdwlrq ri
wkh qhz idfwru|1 Wklv frpshwlwlrq pd| wdnh wkh irup ri h{shqglwxuhv
douhdg| lqfxuuhg rq lqiudvwuxfwxuh/ frpplwphqwv wr vshqg rq lqiudv0
wuxfwxuh/ wd{ lqfhqwlyhv ru hyhq fdvk sd|phqwv1 Wkh prgho frpelqhv
wzr hohphqwv wkdw duh xvxdoo| frqvlghuhg vhsdudwho|> frpshwlwlrq lv
ghvludeoh ehfdxvh zh zdqw wkh idfwru| wr eh orfdwhg lq wkh mxulvglfwlrq
wkdw ydoxhv lw wkh prvw/ exw frpshwlwlrq lq lwvhoi lv zdvwhixo1 L vkrz
wkdw wkh h{shfwhg wrwdo dprxqw sdlg wr wkh up xqghu d odujh idplo|
ri duudqjhphqwv1 Pruhryhu/ L vkrz wkdw wkh h{0dqwh rswlpdo phfkd0
qlvp  wkdw lv/ wkh phfkdqlvp wkdw jxdudqwhhv wkdw wkh up fkrrvhv
wkh mxulvglfwlrq zlwk wkh kljkhvw ydoxh iru wkh idfwru|/ plqlpl}hv wkh
wrwdo h{shfwhg sd|phqw wr wkh up/ dqg edodqfhv wkh exgjhw lq dq
h{0dqwh vhqvh  fdq eh lpsohphqwhg e| uxqqlqj d vwdqgdug dxfwlrq
dqg vxevlgl}lqj sduwlflsdwlrq1
54 Lqwurgxfwlrq
Frpshwlwlrq dprqj vwdwhv iru qhz exvlqhvvhv lv qrwklqj qhz1 Lw lv yhu| olnho|
d ihdwxuh ri dq| ihghudwlyh uhjlph14 Krzhyhu/ wkhuh lv d sxeolf shufhswlrq
wkdw vxfk elgglqj zduv duh hvfdodwlqj dqg wkdw jryhuqphqw lqwhuyhqwlrq pd|
eh fdoohg iru15 Dqdo|vwv srlqw rxw wkdw wkh frvwv ri dwwudfwlqj exvlqhvvhv
duh lqfuhdvlqj1 Frpprq h{dpsohv lqfoxgh wkh frqvwuxfwlrq ri d qhz fkls
idfwru| e| Plfurq Whfkqrorj| lq Xwdk dw d frvw ri durxqg ';3 ploolrq dqg
wkh Phufhghv Ehqv qhz idfwru| lq Dodedpd dw d frvw iru wkh vwdwh ri derxw
'583 ploolrq1 Vxfk frpshwlwlrq lv dovr frpprq rxwvlgh wkh X1V1/ erwk lq
ghyhorshg dqg hphujlqj hfrqrplhv1
Wkh Uhjlrq/ d txduwhuo| pdjd}lqh ri wkh Ihghudo Uhvhuyh Edqn ri Plq0
qhdsrolv/ uhsruwhg rq wkh surfhhglqjv ri d frqihuhqfh rq Wkh Hfrqrplf
Zdu Dprqj wkh Vwdwhv/ khog lq 4<<91 Dprqj vhyhudo frqwulexwlrqv/ wkhuh
zdv d vshflf sursrvdo pdgh e| Exuvwhlq dqg Uroqlfn +4<<8, iru frqjuhvv
4Iru h{dpsoh/ lqwhuvwdwh wd{ frpshwlwlrq zdv glvfxvvhg lq wkh plg0;3v lq wkh frqwh{w
ri wkh 4<;7 Wuhdvxu| Ghsduwphqw*v sursrvdo wr iruphu Suhvlghqwh Uhdjdq iru wd{ uhirup1
Vhh/ iru h{dpsoh/ Vkdqqrq +4<;9,/ PfOxuh +4<;9, dqg Zlogdvlq +4<;9,1
5Iru h{dpsoh/ vhh Vwdwh Vhqdwru Fkduohv Kruq/ Rklr/ fdoo iru d Vwdwh Ohjlvodwlyh Frq0
ihuhqfh rq Plwljdwlqj wkh Zdvwhixo Hfrqrplf Ghyhorsphqw Lqfhqwlyh Zduv ehwzhhq wkh
Vwdwhv/  lq Iheuxdu| 4<<91 Dydlodeoh dw wkh vlwh kwws=22zzz1vhqdwh1vwdwh1rk1xv2kruq1
6wr hqdfw ohjlvodwlrq wr suhyhqw vwdwhv iurp xvlqj vxevlglhv dqg wd{ lqfhqwlyhv
wr frpshwh zlwk rqh dqrwkhu iru exvlqhvvhv1 Dqrwkhu h{dpsoh ri d vlplodu
uhdfwlrq wr lqwhuvwdwh frpshwlwlrq fdq eh irxqg lq wkh Phprudqgxp ri Hfr0
qrplf Srolflhv +4<<<,/ d grfxphqw iurp wkh Eud}loldq jryhuqphqw rxwolqlqj
pdmru srolf| uhirupv1 Wklv grfxphqw srlqwv rxw wkdw rqh ri wkh dlpv ri wkh
sursrvhg wd{ uhirup wkdw lqwurgxfhv d ydoxh dgghg wd{ lv wr holplqdwh wkh
vfrsh iru vfdo zdu dprqj vwdwhv1
Wkhuh duh wzr rssrvlqj ylhzv ri wklv frpshwlwlrq dprqj vwdwhv1 Rqh
ylhz lv wkdw frpshwlwlrq dprqj vwdwhv sod| d vlplodu uroh ri wkdw sod|hg e|
frpshwlwlrq dprqj upv1 D vhfrqg rssrvlqj ylhz lv wkdw lqfhqwlyhv zduv
duh d }hur0+ru qhjdwlyh, vxp jdph1 Erwk dujxphqwv rq wkhlu rzq pljkw eh
plvohdglqj1 Wkh odwwhu suhvxphv wkdw wkh vdph dprxqw ri lqyhvwphqw zloo
kdyh wkh vdph hfrqrplf lpsdfw lq dq| orfdwlrq1 Wkh iruphu/ ljqruhv wkdw
frpshwlwlrq dprqj vwdwhv iru exvlqhvvhv pd| glyhuw uhvrxufhv iurp rwkhu
xvdjhv/ vxfk dv hgxfdwlrq dqg khdowk1
Lq frqwudvw/ lq wklv sdshu L ghyhors d iudphzrun wkdw doorzv ph wr dffrp0
prgdwh erwk ylhzv1 Lq sduwlfxodu/ L h{dplqh d vlwxdwlrq zkhuh d up kdv
wr fkrrvh wr orfdwh d qhz idfwru| lq rqh ri vhyhudo mxulvglfwlrqv1 Wkh ydoxh
ri wkh idfwru| pd| glhu dprqj mxulvglfwlrqv dqg lw ghshqgv rq wkh sulydwh
7lqirupdwlrq khog e| hdfk mxulvglfwlrq1 Wklv sulydwh lqirupdwlrq pd| wdnh/
iru h{dpsoh/ wkh irup ri d frqvxowdqw*v uhsruw1 Iru vlpsolflw| zh frqvlghu
wkdw mxulvglfwlrqv rhuv duh frqyh|hg lq groodu dprxqwv1 Wkhvh rhuv pd|
uhsuhvhqw h{shqglwxuhv douhdg| lqfxuuhg rq lqiudvwuxfwxuh/ frpplwphqwv wr
vshqg rq lqiudvwuxfwxuh/ wd{ lqfhqwlyhv ru hyhq fdvk sd|phqwv1
Jlyhq wkdw glhuhqw orfdwlrqv kdyh srwhqwldoo| glhuhqw ydoxhv iru wkh
idfwru|/ hfrqrplf h!flhqf| glfwdwhv wkdw wkh idfwru| vkrxog eh orfdwhg lq wkh
mxulvglfwlrq wkdw ydoxhv lw wkh prvw1 Krzhyhu/ zh prgho frpshwlwlrq lwvhoi dv
zdvwhixo1 Wkh lghd lv wkdw wkh up kdv douhdg| ghflghg wr exlog d qhz idfwru|
lq rqh ri wkh mxulvglfwlrqv dqg zloo gr vr hyhq li lw kdv qr wd{ lqfhqwlyhv1 Iru
vlpsolflw|/ zh dvvxph wkdw dq| lqfhqwlyhv sdlg e| wkh up e| rqh ru pruh
mxulvglfwlrqv uhsuhvhqw d zhoiduh orvv +h1j1/ wkh up*v vkduhkroghuv olyh rxwvlgh
wkh ? mxulvglfwlrqv,1
Zh frqvlghu glhuhqw w|shv ri frpshwlwlrq vxfk dv dq rshq dxfwlrq0olnh
phfkdqlvp zkhuh mxulvglfwlrqv rshqo| dqqrxqfh wkhlu rhuv/ d vhdohg0rhu
frpshwlwlrq zkhuh wkh zlqqhu lv wkh mxulvglfwlrq wkdw pdnhv wkh kljkhvw rhu/
dqg dq duudqjhphqw zkhuh mxulvglfwlrqv lqyhvw vlpxowdqhrxvo| lq lqiudvwuxf0
wxuh +wkdw kdv qr xvh li wkh idfwru| lv qrw orfdwhg wkhuh, dqg wkh zlqqlqj
mxulvglfwlrq lv wkh rqh wkdw vshqgv wkh prvw1
8Wkh qryho ihdwxuh ri wklv dqdo|vlv lv wkdw lw frpelqhv wzr hohphqwv wkdw
duh xvxdoo| frqvlghuhg vhsdudwho|> frpshwlwlrq lv ghvludeoh ehfdxvh zh zdqw
wkh idfwru| wr eh orfdwhg lq wkh mxulvglfwlrq wkdw ydoxhv lw wkh prvw/ exw
frpshwlwlrq lq lwvhoi lv zdvwhixo1 Zh uhvruw wr dxfwlrq wkhruhwlfdo whfkqltxhv
6 wr vkrz wkdw wkh h{shfwhg wrwdo dprxqw sdlg wr wkh up xqghu d odujh
idplo| ri duudqjhphqwv/ lqfoxglqj doo wkuhh ghvfulehg deryh/ lv wkh vdph1
Wklv frqwudvw zlwk wkh ylhz wkdw wkh vshflf irupdw ri wkh frpshwlwlrq pd|
pdwwhu +vhh/ iru h{dpsoh/ Wd|oru +4<<5,,1
Pruhryhu/ zh vkrz wkdw wkh h{0dqwh rswlpdo phfkdqlvp  wkdw lv/ wkh
phfkdqlvp wkdw jxdudqwhhv wkdw wkh up fkrrvhv wkh mxulvglfwlrq zlwk wkh
kljkhvw ydoxh iru wkh idfwru|/ plqlpl}hv wkh wrwdo h{shfwhg sd|phqw wr wkh
up/ dqg edodqfhv wkh exgjhw lq dq h{0dqwh vhqvh  fdq eh lpsohphqwhg e|
uxqqlqj d vwdqgdug dxfwlrq dqg vxevlgl}lqj sduwlflsdwlrq1 Wklv vroxwlrq lv
vlplodu lq vslulw wr wkh sursrvdo ri Exuvwhlq dqg Uroqlfn +4<<8, wr holplqdwh
lqwhuvwdwh frpshwlwlrq e| wd{lqj uhdo dqg lpsxwhg lqfrph iurp sxeolf vshqg0
lqj1 Wkh glvwlqfwlrq lv wkdw frpshwlwlrq qhhgv wr wdnh sodfh wr hqvxuh wkdw
wkh idfwru| lv orfdwhg h!flhqwo|1
6Nohpshuhu +5333, surylghv dq h{fhoohqw h{srvlwlrq ri wkh olqn ehwzhhq wkh wkhru| ri
dxfwlrqv dqg vwdqgdug hfrqrplfv1 Er|odq +5333, dssolhv wkh lqvljkv iurp wkh rswlpdo
dxfwlrq olwhudwxuh wr h{dplqh oree|lqj1
95 Wkh Prgho
D up kdv ghflghg wr exlog d qhz idfwru| dqg zloo fkrrvh wr orfdwh lq rqh ri
wkh h{lvwlqj ? orfdo mxulvglfwlrqv1 Frpshwlwlrq iru wkh qhz exvlqhvv fdq
wdnh d qxpehu ri glhuhqw irupdwv1 Iru h{dpsoh/ mxulvglfwlrqv fdq rhu
wd{ lqfhqwlyhv +vxfk dv dedwhphqwv/ h{hpswlrqv/ uhgxfwlrqv dqg prudwruld,/
wd{0uhodwhg lqfhqwlyhv +vxfk dv lqyhvwphqw dqg wd{ fuhglwv/ uhvhdufk dqg gh0
yhorsphqw wd{ lqfhqwlyhv/ dqg dffhohudwhg ghsuhfldwlrq ri htxlsphqw, dqg
qrq0wd{ lqfhqwlyhv +vxfk dv fuhdwlqj lqiudvwuxfwxuh/ qdqflqj vxevlglhv dqg
fxvwrpl}hg zrunhu wudlqlqj,1 Iru vlpsolflw| zh frqvlghu wkdw dq| uhfrxuvhv
vshqw rq wklv frpshwlwlrq duh zdlvwhg1 +Iru h{dpsoh/ dq| lqfhqwlyhv duh ixoo|
wudqvodwhg lqwr h{wud surwv iru wkh up*v vkduhkroghuv zkr duh orfdwhg rxw0
vlgh wkh ? mxulvglfwlrqv,1 Wkh up fkrrvhv wr orfdwh lq wkh mxulvglfwlrq wkdw
rhuv wkh ehvw ghdo1
Pruhryhu/ wkh frqwhvw lwvhoi fdq eh rujdql}hg lq glhuhqw zd|v1 Lw pd| eh
wkh fdvh wkdw wkh frpshwlwlrq frqvxphv qr uhvrxufhv dv lw wdnhv wkh irup ri
rhulqjv ri lqgxfhphqwv wkdw wdnh hhfw rqo| li wkh up fkrrvhv wr orfdwh lq
wkh vshflf mxulvglfwlrq +h1j1/ dv lq Rdwhv dqg Vfkzde +4<;;,,1 Dowhuqdwlyho|/
frpshwlwlrq pd| dovr wdnh wkh irup ri fuhdwlqj lqiudvwuxfwxuh +h1j1/ dv lq
:Wd|oru +4<<5,,17
Hdfk mxulvglfwlrq  uhfhlyhv d sulydwh vljqdo 7 zkhuh wkh 7*v duh lqghshq0
ghqw gudzv iurp d glvwulexwlrq 8E zlwk srvlwlyh ghqvlw| sE lq wkh vxssruw
dfc 7 7o1 Mxulvglfwlrqv duh dvvxphg ulvn0qhxwudo dqg wkh ydoxh ri wkh qhz idfwru|
iru orfdwlrq  lv jlyhq e|8
E7cc7 cc7 ?'@7 n K
'
7
zlwk 4 :@ K  f Zh zloo ghqrwh e| r wkh kljkhvw dfwxdo vljqdo/ r2
wkh vhfrqg kljkhvw dfwxdo vljqdo dqg vr rq1 Dowkrxjk rzq*v vljqdo lv sulydwh
lqirupdwlrq/ wkh ydoxh ixqfwlrq lv frpprq nqrzohgjh1 Lw lv dovr nqrzq e| doo
mxulvglfwlrqv wkdw wkh up*v uhvhuydwlrq ydoxh lv htxdo wr }hur/ wkdw lv/ lw zloo
fkrrvh wr exlog wkh idfwru| hyhq zkhq qr mxulvglfwlrq rhuv dq| lqfhqwlyhv1
Lq wklv fdvh/ zh dvvxph iru vlpsolflw| wkdw wkh up ghflghv zkhuh wr orfdwh
e| xvlqj d orwwhu| wkdw dvvljqv htxdo suredelolw| wr hdfk mxulvglfwlrq1
Wklv irupxodwlrq fdswxuhv wkh qrwlrq wkdw wkh wuxh ydoxh ri wkh qhz idf0
7Iru wkh uhdghu zkr lv idploldu zlwk wkh wkhru| ri dxfwlrqv/ wkh iruphu duudqjhphqw
lv htxlydohqw wr d uvw0sulfh dxfwlrq zkhuh wkh zlqqhu lv wkh elgghu zlwk wkh kljkhvw elg
dqg vkh sd|v khu elg1 Wkh odwhu duudqjhphqw lv htxlydohqw wr dq doo0sd| dxfwlrq zkhuh
wkh zlqqhu lv wkh elgghu zlwk wkh kljkhvw elgghu exw doo elgghuv sd| wkhlu elgv +hyhq wkrvh
zkr orvw wkh dxfwlrq,1
8Wklv irupxodwlrq lv vlplodu wr wkdw ri Nohpshuhu +4<<<,/ dsshqgl{ G1
;wru| iru hdfk orfdolw| lv qrw nqrzq zlwk fhuwdlqw| dw wkh wlph ri wkh frpsh0
wlwlrq1 Wkh ydoxh ri wkh idfwru| iru mxulvglfwlrq  lv jhqhudoo| d ixqfwlrq ri lwv
rzq vljqdo dqg wkh vljqdov ri rwkhu mxulvglfwlrqv1 Rqh fdq wklqn ri wkh vljqdo
dv ehlqj d frqvxowdqw*v hvwlpdwh ri wkh lqfrph vwuhdp wr eh jhqhudwhg e| wkh
qhz idfwru|1
Vshfldo fdvhv lqfoxgh lqghshqghqw sulydwh ydoxhv +zkhqE7cc7cc7 ?'
E7 ru K 'f , dqg sxuh frpprq ydoxhv +zkhq E7cc7cc7 ?'E7cc7 cc7?
ru @ ' K,1 Lq wkh lqghshqghqw sulydwh ydoxhv fdvh wkh ydoxh ri wkh idfwru| iru
hdfk mxulvglfwlrq lv d ixqfwlrq rqo| ri lwv rzq vljqdo1 Lq wkh sxuh frpprq
ydoxhv fdvh wkh ydoxh ri wkh idfwru| lv wkh vdph iru doo sod|huv +iru dq| jlyhq
yhfwru ri sulydwh vljqdov,1
6 Htxloleulxp Ehkdylru lq wkh mxulvglfwlrq frp0
shwlwlrq
Zh vwduw e| h{dplqlqj wkh mxulvglfwlrqv* htxloleulxp ehkdylru xqghu wkh frp0
shwlwlrq duudqjhphqw ghvfulehg ehorz1 Wklv duudqjhphqw lv vlpso| dq duwlfh
wr rewdlq wkh htxloleulxp ehkdylru xqghu wkh pruh vwdqgdug frpshwlwlrq du0
udqjhphqwv phqwlrqhg lq wkh suhylrxv vhfwlrq1
<Xqghu wklv duudqjhphqw/ wkh up dqqrxqfhv wkdw zloo orfdwh wkh idfwru|
lq wkh mxulvglfwlrq wkdw rhuv wkh ehvw ghdo  dv vxppdul}hg e| d vlqjoh groodu
elg1 Wkh up wkhq rujdql}hv dq dvfhqglqj rhu phfkdqlvp wkdw zrunv dv
iroorzv> wkh up dqqrxqfhv d plqlpxp dffhswdeoh rhu +h1j1/ }hur, dqg udlvhv
wkh plqlpxp rhu frqwlqxrxvo| lq dq hohfwurqlf forfn1 Mxulvglfwlrqv elg e|
suhvvlqj d exwwrq1 D mxulvglfwlrq gursv rxw iurp wkh frpshwlwlrq e| vwrsslqj
wr suhvv wkh exwwrq1 Wkh zlqqhu ri wkh frpshwlwlrq lv odvw wkh mxulvglfwlrq
suhvvlqj wkh exwwrq dqg lw kdv wr rhu wkh up dq lqfhqwlyh sdfndjh zruwk
wkh groodu dprxqw dw zklfk wkh qh{w0wr0odvw mxulvglfwlrq kdv gursshg rxw1
Krz zloo upv ehkdyh lq wkh v|pphwulf htxloleulxp ri wklv frpshwlwlrqB
Fdq zh suhglfw wkh h{shfwhg zlqqlqj rhuB Rxu vwduwlqj srlqw lv wkh uhfrj0
qlwlrq wkdw lq d v|pphwulf htxloleulxp hdfk mxulvglfwlrq ohdyhv wkh udfh zkhuh
lw zrxog eh lqglhuhqw ehwzhhq zlqqlqj ru orvlqj1 Wkhuhiruh/ wkh uvw mxulv0
glfwlrq wr gurs rxw iurp wkh frpshwlwlrq zloo gr vr dw rhu
E@ nE ?  Kr
?
Wklv zrxog eh wkh dfwxdo ydoxh wr doo mxulvglfwlrqv li doo kdg wkh orzhvw vljqdo1
Wkh uhpdlqlqj mxulvglfwlrqv fdq revhuyh wklv vr wkdw wkh qh{w mxulvglfwlrq
43ohdyhv wkh frpshwlwlrq zkhq wkh rhu uhdfkhv
Kr
? nE @ nE ?  2Kr
?3
Wklv zrxog eh wkh dfwxdo ydoxh ri wkh vhfrqg wr gurs rxw> wklv mxulvglfwlrq*v
ydoxh lv htxdo wr wkh vljqdo ri wkh mxulvglfwlrq wkdw zdv wkh uvw wr gurs rxw
+wlphv K, soxv wkh ydoxh wkdw dulvhv zkhq doo rwkhu ?2 mxulvglfwlrq kdyh wkh
vdph vljqdo1 Vlploduo| wkh wklug mxulvglfwlrq wr gurs rxw iurp wkh udfh zloo
gr vr dw wkh rhu
Kr
? n Kr
?3 nE @ nE ?  Kr
?32
Wklv surfhvv lv qrz idploldu wr wkh uhdghu zkr fdq suhglfw wkdw wkh qh{w0wr0




?3 n  n r
nE @ n Kr
2 +4,
Qrwh wkdw 4 uhsuhvhqwv wkh qdo rhu pdgh e| wkh zlqqhu wr wkh up lq wkh
v|pphwulf htxloleulxp1 Zh fdq qrz frpsxwh wkh h{shfwhg ydoxh ri wkh qdo
rhu wr wkh up e| wkh zlqqlqj mxulvglfwlrq1 Lw lv vlpso| wkh h{shfwhg ydoxh
ri JW
Qrz frqvlghu wkh iroorzlqj frpshwlwlrq duudqjhphqw1 Doo mxulvglfwlrqv
vxeplw wkhlu rhuv vlpxowdqhrxvo| wkurxjk d vhdohg elg1 Dowkrxjk wkh zlqqhu
44lv wkh mxulvglfwlrq zlwk wkh kljkhvw rhu/ lw sd|v wkh htxlydohqw wr wkh vhfrqg
kljkhvw rhu1 Dv lq wkh dvfhqglqj phfkdqlvp/ hdfk mxulvglfwlrq lv zloolqj wr
rhu dq| dprxqw xs wr lwv h{shfwhg ydoxh frqglwlrqdo rq zlqqlqj wkh remhfw
dqg ehlqj wlhg zlwk dqrwkhu mxulvglfwlrq zlwk wkh vdph vljqdo1 Krzhyhu/
xqghu wklv duudqjhphqw wkh mxulvglfwlrq fdqqrw revhuyh wkh E?  2 orvlqj
rhuv dqg/ wkhuhiruh/ kdv wr hvwlpdwh wkhp1 Wkxv/ mxulvglfwlrq  zlwk vljqdo
r rhuv=
	 JEr'KE?  2.d% m %	r onE @ n Kr
Xvlqj wkh ghqlwlrq ri wkh frqglwlrqdo h{shfwdwlrq zh rewdlq





nE @ n Kr +5,
Xvlqj lqwhjudwlrq e| sduwv zh fdq zulwh *v rhu lq d vhfrqg0kljkhvw0rhu
phfkdqlvp dv






Zh fdq qrz surfhhg wr frpsxwh wkh h{shfwhg zlqqlqj rhu dqg wkh
mxulvglfwlrq*v htxloleulxp ehkdylru xqghu wkh pruh frqyhqwlrqdo frpshwlwlrq
duudqjhphqwv1 Zh zloo gr vr e| lqyrnlqj rqh ri wkh prvw fhoheudwhg uhvxowv
ri dxfwlrq wkhru|/ qdpho|/ wkh Uhyhqxh Htxlydohqfh Wkhruhp +UHW, 1 Wklv
45uhvxow hvwdeolvkhv wkdw zlwk ulvn0qhxwudo djhqwv dq| wzr phfkdqlvpv wkdw lq
wkh v|pphwulf htxloleulxp
41 doorfdwh wkh jrrg wr wkh djhqw zlwk wkh kljkhvw ydoxdwlrq> dqg
51 |lhogv wkh vdph h{shfwhg jdlq iru wkh djhqw zlwk wkh orzhvw srvvleoh
vljqdo1
Wklv wkhruhp zdv ghprqvwudwhg e| Ylfnuh| +4<94, iru d vshfldo fdvh dqg
jhqhudol}hg odwhu e|/ dprqj rwkhuv/ P|huvrq +4<;4,/ Uloh| dqg Vdpxhovrq
+4<;4, dqg Exorz dqg Nohpshuhu +4<<9,1
Lw lv lpphgldwh wkdw erwk wkh dvfhqglqj dqg wkh vhfrqg0kljkhvw0rhu
phfkdqlvpv ghvfulehg deryh vdwlvi| wkh k|srwkhvlv ri wkh UHW1 Pruhryhu/
wkh pruh idploldu duudqjhphqwv zkhuh mxulvglfwlrqv rhu lqgxfhphqwv wkdw
wdnhv hhfw rqo| li wkh up fkrrvhv wr orfdwh lq wkh vshflf mxulvglfwlrq +sd|0
|rxu0rhu frpshwlwlrq, dqg zkhuh frpshwlwlrq wdnh wkh irup ri fuhdwlqj lq0
iudvwuxfwxuh vlpxowdqhrxvo| dqg orfdwlqj wkh idfwru| dw wkh mxulvglfwlrq zlwk
wkh kljkhvw dprxqw lqyhvwhg +doo0sd| frpshwlwlrq, dovr vdwlvi| wkh frqglwlrqv
ri wkh UHW1 Lq erwk fdvhv/ wkh mxulvglfwlrq zlwk wkh kljkhvw rhu zlqv wkh
frpshwlwlrq lq wkh v|pphwulf htxloleulxp dqg wkh h{shfwhg surwv ri wkh
mxulvglfwlrq zlwk wkh orzhvw srvvleoh ydoxdwlrq lv wkh vdph  wkh suredelolw|
46wkdw wklv mxulvglfwlrq zlqv wkh frpshwlwlrq lv }hur xqghu erwk duudqjhphqwv1
Lq wkh iroorzlqj sursrvlwlrqv zh pdnh xvh ri wkh UHW wr fkdudfwhul}h wkh
htxloleulxp ehkdylru lq wkhvh phfkdqlvpv1
Sursrvlwlrq 4 D mxulvglfwlrq  zlwk vljqdo r rhuv























lq d v|pphwulf htxloleulxp ri wkh doo0sd| frpshwlwlrq1
Surri1 Dq lpsolfdwlrq ri UHW lv wkdw d mxulvglfwlrq*v h{shfwhg sd|phqw
lv wkh vdph xqghu dq| phfkdqlvp vdwlvi|lqj lwv k|srwkhvlv1 Wkxv/ zh uvw
frpsxwh wkh h{shfwhg sd|phqw ri sd|phqw ri mxulvglfwlrq  zlwk vljqdo r
frqglwlrqdo rq zlqqlqj d vhfrqg0kljkhvw0rhu frpshwlwlrq1 Xqghu wklv du0
udqjhphqw/ *v h{shfwhg sd|phqw lv vlpso| wkh h{shfwhg ydoxh ri wkh odujhvw
47rhu dprqj lwv E? rssrqhqwv frqglwlrqdo rq r ehlqj wkh kljkhvw vljqdo1
Xvlqj +6,/ wklv h{shfwhg sd|phqw lv htxdo wr
r
f




8Er E?  28E%?3sE%_%
8Er?3 +9,
Qrwh wkdw lqwhjudwlrq e| sduwv |lhogv
r
f
dE@ n KE?  %oE?  28E%
?3sE%_% ' +:,

























Uhsodflqj +:, dqg +; lqwr +9, |lhogv *v h{shfwhg sd|phqw frqglwlrq rq zlq0











48Jlyhq wkdw lq d sd|0|rxu0rhu frpshwlwlrq/ hdfk mxulvglfwlrq sd|v khu rhu
frqglwlrqdo rq zlqqlqj/ khu rhu lv suhflvho| khu h{shfwhg sd|phqw wkdw lv
jlyhq e| wkh h{suhvvlrq deryh/ zklfk lv htxdo wr +7,1 Qrwh wkdw *v h{shfwhg
sd|phqw lq d sd|0|rxu0rhu frpshwlwlrq lv htxdo wr lwv rhu wlphv wkh sure0
delolw| ri zlqqlqj +wkdw lv/ wkh suredelolw| wkdw *v kdv wkh kljkhvw vljqdo
8Er?3
Qrz zh xvh wkh UHW djdlq wr dujxh wkdw *v rhu lq d doo0sd| frpshwlwlrq
lv wkh h{suhvvlrq deryh wlphv 8Er?3 Wr vhh zk|/ hdfk mxulvglfwlrq sd|v
khu rhu luuhvshfwlyho| ri zlqqlqj wkh doo0sd| frpshwlwlrq1 E| wkh UHW/ lwv












vr wklv pxvw eh *v rhu lq d v|pphwulf htxloleulxp/ zklfk frlqflghv zlwk +8,
diwhu fdqfhoodwlrqv1
H{suhvvlrq +7, kdv dq lqwxlwlyh h{sodqdwlrq edvhg rq lqvljkwv iurp dxfwlrq
wkhru|1 Wkh uvw whup ri +7, uhsuhvhqwv wkh sulydwh frpsrqhqw ri *v rhu1 Lw
vx!fhv iru  wr rxwelg wkh rssrqhqw zlwk wkh kljkhvw vljqdo dprqj khu E?
rssrqhqwv1 Wkhuhiruh/  vkdghv lwv rhu e| wkh glhuhqfh ehwzhhq lwv vljqdo
dqg wkh h{shfwhg ydoxh ri wkh kljkhvw ri wkh rwkhu vljqdov +pxowlsolhg e| @/w k h
49frh!flhqw rq wkh sulydwh ydoxh frpsrqhqw,1 Wkh vhfrqg whup +7, uhsuhvhqwv
wkh sxeolf frpsrqhqw ri *v rhu1 Lq dgglwlrq/ Mxulvglfwlrq  dovr vkdghv lwv
rhu e| wkh glhuhqfh ehwzhhq lwv vljqdo dqg wkh rwkhu vljqdov wr wdnh lqwr
dffrxqw wkh zlqqhu*v fxuvh1 H{suhvvlrq +8, kdv d vlplodu lqwhusuhwdwlrq dorqj
dxfwlrq wkhruhwlfdo olqhv1
7 Wkh h{0dqwh rswlpdo phfkdqlvp
Lq dgglwlrq wr ehlqj deoh wr frpsxwh htxloleulxp ehkdylru xqghu dq| frp0
shwlwlrq duudqjhphqw vdwlvi|lqj wkh UHW/ zh duh dovr deoh wr frpsxwh wkh
h{shfwhg wrwdo sd|phqw +.A, wr wkh up dfurvv doo vxfk duudqjhphqwv1 Lw
vx!fhv wr frpsxwh wkh h{shfwhg ydoxh ri wkh kljkhvw rhu iru h{dpsoh lq d
sd|0|rxu0rhu frpshwlwlrq=9
.A '
9E| wkh UHW/ wklv vkrxog |lhog wkh vdph h{shfwhg zlqqlqj rhu dv lq d vhfrqg0kljkhvw0
rhu frpshwlwlrq +rewdlqhg e| frpsxwlqj wkh h{shfwhg ydoxh ri wkh vhfrqg kljkhvw rhu,















D qdwxudo txhvwlrq wr dvn lv wkhq zkdw lv wkhq zkhwkhu d vrfldo sodqqhu
fdq fkrrvh d phfkdqlvp zkhuh wkh idfwru| zloo eh orfdwhg dw wkh mxulvglfwlrq
zlwk wkh kljkhvw ydoxh iru lw/ plqlpl}hv wkh wrwdo dprxqw vshqw rq wkh frp0
shwlwlrq dqg dw wkh vdph wlph edodqfhv wkh exgjhw lq wkh h{0dqwh vhqvh1 E|
wkh uhyhodwlrq sulqflsoh/ lw vx!fhv wr h{dplqh gluhfw uhyhodwlrq phfkdqlvpv
vdwlvi|lqj lqfhqwlyh frpsdwlelolw| dqg lqglylgxdo udwlrqdolw| frqvwudlqwv1
Zh zkdw iroorzv L sxuvxh dq dssurdfk vlplodu wr wkdw lq Exorz dqg Nohp0
shuhu +4<<9,1 Ghqh Erccr ccr? dv wkh suredelolw| wkdw mxulvglfwlrq 
zlqv wkh frpshwlwlrq lq dq| vxfk phfkdqlvp dv d ixqfwlrq ri wkh mxulvglf0
wlrqv* uhdol}hg vljqdov 1 Wkh lqglylgxdo udwlrqdolw| frqvwudlqw uhtxluhv wkdw
orfdwlrqv duh qrw zruvh r iurp sduwlflsdwlqj lq wkh phfkdqlvp/ wkdw lv/ hy0
hu| orfdwlrq *v h{shfwhg vxusoxv dv d ixqfwlrq ri lwv vljqdo/ iru doo srvvleoh
vljqdov/ pxvw vdwlvi|=
ZEr  f ;c;r +LU,
Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw uhtxluhv wkdw *v h{shfwhg vxusoxv
4;dv d ixqfwlrq ri lwv vljqdo/ ZErcwr vdwlvi| iru doo uhdol}hg vljqdov r dqg r


















Wklv frqvwudlqw vlpso| jxdudqwhhv wkdw lw lv lq mxulvglfwlrq *v ehvw lqwhuhvw

















4<Wklv lv mxulvglfwlrq *v h{shfwhg vxusoxv lq htxloleulxp frqglwlrqdo rq lwv
vljqdo ehlqj r1 Wkhuhiruh/ iurp wkh srlqw ri ylhz ri wkh fhqwudo sodqqhu/ zkr
























E  8E7@E7cc7 cc7?sE7sE7sE7?_7_7_7?
+43,
Wkh wrwdo h{shfwhg sd|phqw wr wkh up fdq dovr eh frpsxwhg dv lw lv
wkh glhuhqfh ehwzhhq wkh h{shfwhg wrwdo vxusoxv lq wklv hfrqrp| +wkdw lv/










7 E7cc7 cc7 ?sE7sE7sE7?_7_7_7?
+44,
Uhsodflqj +43, lqwr +44, zh rewdlq wkdw wkh wrwdo h{shfwhg sd|phqw wr wkh












7  E  8E7@ 
E7cc7cc7 ?sE7sE7sE7?_7_7_7? +45,
Wkh fhqwudo sodqqhu*v sureohp lv wr fkrrvh d phfkdqlvp vdwlvi|lqj wkh
+LF, dqg +LU, frqvwudlqwv wr plqlpl}h +45, vxemhfw wr
F4 up*v h{shfwhg surwv duh juhdwhu ru htxdo wr }hur1
F5 orfdwh wkh idfwru| dw wkh mxulvglfwlrq zlwk wkh kljkhvw vljqdo> dqg
F6 edodqfh lwv exgjhw1
Wkh iroorzlqj sursrvlwlrq fkdudfwhul}hv wkh rswlpdo phfkdqlvp vdwlvi|lqj
wkh frqglwlrqv deryh1
54Sursrvlwlrq 5 Wkh rswlpdo phfkdqlvp lv vxfk zkhuh wkh fhqwudo sodqqhu
uxqv dq| vwdqgdug frpshwlwlrq +h1j1/ d sd|0|rxu0rhu frpshwlwlrq,/ lpsrvhv
d wd{ rq wkh up htxdo wr wrwdo h{shfwhg sd|phqw wr wkh up dqg sd|v d










7  E  8E7@  +46,
8E7
?3sE7sE7sE7?_7_7_7?
Surri1 Zh frqfhqwudwh rq phfkdqlvpv vdwlvi|lqj wkh +LF, dqg +LU frq0
vwudlqwv1 Dq| vxfk phfkdqlvp wkdw orfdwhv wkh idfwru| dw wkh mxulvglfwlrq
zlwk wkh kljkhvw vljqdo pxvw eh vxfk wkdw wkh suredelolw| wkdw  zlqv wkh
frpshwlwlrq lv htxdo wr wkh suredelolw| ri  ehlqj wkh kljkhvw vljqdo/ qdpho|/
8E7?3 Iurp lqvshfwlrq ri +45,/ wkh deryh vxevlg| lpsolhv wkdw wkh fhqwudo
sodqqhu mxvw edodqfhv lwv exgjhw dqg wkdw wkh up*v wrwdo h{shfwhg surwv duh
htxdo wr }hur1 Wr lpsohphqw wklv phfkdqlvp wkh fhqwudo sodqqhu uxqv dq|
vwdqgdug frpshwlwlrq/ h1j1/ d sd|0|rxu0rhu frpshwlwlrq1 Lw lv vwudljkwiru0
zdug wr fkhfn wkdw lq dq| vxfk frpshwlwlrq wkh idfwru| lv orfdwhg dw wkh
mxulvglfwlrq zlwk wkh kljkhvw vljqdo dqg wkh frqvwudlqwv +LF, dqg +LU duh vdw0
lvhg1 Wkh vxevlg| grhv qrw fkdqjh mxulvglfwlrq *v ehkdylru dv lw grhv qrw
ghshqg rq *v sulydwh lqirupdwlrq1
55Wkhuh duh vhyhudo ihdwxuhv ri wklv phfkdqlvp wkdw ghvhuyhv rxu dwwhqwlrq1
Iluvw/ rqh qhhgv wr uxq d frpshwlwlrq dprqj mxulvglfwlrqv/ wkdw pd| wdnh
dq| ri wkh irupdwv phqwlrqhg hduolhu/ lq rughu wr hqvxuh wkdw wkh idfwru|
lv orfdwhg lq wkh mxulvglfwlrq wkdw ydoxhv lw wkh prvw1 Qrwh wkdw wkh uhvxow
lv txlwh jhqhudo dv lw lqglfdwhv wkdw dq| frpshwlwlrq duudqjhphqw zloo zrun
dv orqj dv lq vxfk duudqjhphqw wkh idfwru| lv doorfdwhg lq wkh mxulvglfwlrq
wkdw pdnhv wkh kljkhvw rhu +dqg vxemhfw wr wkh whfkqlfdo frqglwlrq wkdw wkh
mxulvglfwlrq zlwk wkh orzhvw srvvleoh ydoxdwlrq kdv }hur suredelolw| ri ehlqj
fkrvhq e| wkh up,1
Vhfrqg/ wkh wd{ rq wkh up dqg wkh vxevlg| sdlg wr wkh mxulvglfwlrqv
fdqqrw eh edvhg rq wkh dfwxdo vljqdov revhuyhg e| wkh mxulvglfwlrqv dqg vkrxog
lqvwhdg edvhg rq h{shfwhg ydoxhv1 Wklv lpsolhv wkdw wkh up pljkw orvh
prqh| h{0srvw1 Ghshqglqj rq wkh frpshwlwlrq duudqjhphqw +h1j1/ dq doo0sd|
frpshwlwlrq,/ mxulvglfwlrqv pljkw orvh prqh| h{0srvw dv zhoo1 Wkhuhiruh/ lw
pljkw qrw eh ihdvleoh wr lpsohphqw vxfk phfkdqlvp1
568F r q f o x v l r q
Wklv sdshu h{dplqhv wkh frpshwlwlrq dprqj mxulvglfwlrqv iru d qhz exvlqhvv
zkhq wkh ydoxh ri wklv qhz exvlqhvv lv qrw nqrzq dw wkh wlph wkdw wkh frpsh0
wlwlrq wdnhv sodfh1 Wkh dqdo|vlv frpelqhv wkh qrwlrq wkdw frpshwlwlrq pljkw
eh ghvludeoh iru wkh orfdwlrq ri wkh idfwru| lq wkh mxulvglfwlrq wkdw ydoxhv lw
wkh prvw zlwk wkh lghd wkdw frpshwlwlrq lq lwvhoi pljkw eh zdvwhixo1 Xvlqj
wkh Uhyhqxh Htxlydohqfh Wkhruhp/ L dujxh wkdw wkh h{shfwhg wrwdo dprxqw
sdlg wr wkh up xqghu d odujh idplo| ri duudqjhphqwv lv wkh vdph1 Xvlqj
wkh uhyhodwlrq sulqflsoh dqg wkh wrrov ghyhorshg e| Exorz dqg Nohpshuhu
+4<<9,/ L vkrz wkdw wkh h{0dqwh rswlpdo phfkdqlvp fdq eh lpsohphqwhg e|
uxqqlqj d vwdqgdug dxfwlrq dqg vxevlgl}lqj sduwlflsdwlrq1 Wkh hpskdvlv lv
lq wkdw frpshwlwlrq qhhgv wr wdnh sodfh wr hqvxuh wkdw wkh idfwru| lv orfdwhg
h!flhqwo|1
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